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Abstract
Motivated by a formula of A. Postnikov relating binary trees, we define the hook length polynomials
for m-ary trees and plane forests, and show that these polynomials have a simple binomial expression. An
integer value of this expression is Ck,m (n) = 1mn+1
(
(mn+1)k
n
)
, which we call the (k, m)-Catalan number.
For proving the hook length formulas, we also introduce a combinatorial family, (k, m)-ary trees, which are
counted by the (k, m)-Catalan numbers.
c© 2006 Elsevier Ltd. All rights reserved.
1. Introduction
The main result in this paper is originally motivated by seeking a simple bijective proof of the
following identity:∑
T
n!
2n
∏
v
(
1 + 1
hv
)
= (n + 1)n−1, (1.1)
where the sum is over all complete binary trees with n internal vertices, the product is over all
internal vertices of T , and hv is the “hook length” of v in T , namely, the number of internal
vertices in the subtree of T rooted at v. As an example, Fig. 1 shows the five complete binary
trees of three internal vertices, with each internal vertex labelled by its hook length. In this case,
this identity says that 3 + 3 + 4 + 3 + 3 = (3 + 1)2.
E-mail addresses: rxdu@math.ecnu.edu.cn (R.R.X. Du), fuliu@math.mit.edu (F. Liu).
0195-6698/$ - see front matter c© 2006 Elsevier Ltd. All rights reserved.
doi:10.1016/j.ejc.2006.01.011
R.R.X. Du, F. Liu / European Journal of Combinatorics 28 (2007) 1312–1321 1313
Fig. 1. Hook lengths for the five binary trees with three internal vertices.
This identity was first derived by Postnikov [5], who also asked for a combinatorial proof of
this identity. Chen and Yang [2] and Seo [6] both gave bijective proofs of it.
Based on (1.1), Lascoux conjectured that, if we substitute x for 1 on the left-hand side, we
will get the following polynomial:
∑
T
∏
v
(
x + 1
hv
)
= 1
(n + 1)!
n−1∏
i=0
((n + 1 + i)x + n + 1 − i) . (1.2)
This is equivalent to the following, more suggestive identity (which will be proved in
Corollary 3.6):
∑
T
∏
v
(hv + 1)x + 1 − hv
2hv
= 1
n + 1
(
(n + 1)x
n
)
. (1.3)
We call the left-hand side of (1.3) the “hook length polynomial” of complete binary trees.
Note that if we replace x with k, the right-hand side of (1.3) becomes 1
n+1
(
(n+1)k
n
)
, which is
exactly the number of complete k-ary trees with n + 1 internal vertices. In fact, we could prove
(1.3) by showing that both the hook length polynomials for complete binary trees and k-ary trees
have the same recurrence relation.
Moreover, we are able to generalize (1.3) from enumerating on binary trees to enumerating on
(m + 1)-ary trees, where m ≥ 0, and obtain the following identity for hook length polynomials
for (m + 1)-ary trees:
∑
T
∏
v
(mhv + 1)x + 1 − hv
(m + 1)hv =
1
mn + 1
(
(mn + 1)x
n
)
. (1.4)
Identity (1.4) is one of the main results in this paper. If we replace x with k, the right-hand
side of (1.4) becomes
1
mn + 1
(
(mn + 1)k
n
)
.
We define this number as the (k, m)-Catalan number of order n. We want to prove (1.4) using a
similar idea as that for (1.3). Therefore, we need to find some nice combinatorial interpretation
of this number.
In Section 2, we define a combinatorial structure, (k, m)-ary trees, and prove that they are
counted by (k, m)-Catalan numbers. In Section 3, we prove (1.4) by showing that the hook length
polynomials for (m + 1)-ary trees and (k, m)-ary trees have the same recurrence relation. Some
other nice identities concerning hook lengths for (m +1)-ary trees are also studied in this section.
In Section 4, we give similar results for hook length polynomials for plane forests.
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Fig. 2. A (3, 2)-ary trees of order 3.
2. (k,m)-ary trees and (k,m)-Catalan numbers
In this section we define (k, m)-ary trees, and prove that they are counted by (k, m)-Catalan
numbers.
Let us first review some terminology related to trees. A tree is an acyclic connected graph, and
a forest is a graph such that every connected component is a tree. In this paper we will assume
that all the trees are unlabelled plane trees, i.e., rooted trees whose vertices are considered to be
indistinguishable, but the subtrees at any vertex are linearly ordered. For each vertex of a tree, we
say that it is of degree m if it has m children, and call vertices of degree 0 leaves. (Note that the
definition of degree here is different from that in graph-theoretic terminology.) Vertices that are
not leaves are called internal vertices. For any tree T , we use I(T ) to denote the set of internal
vertices of T .
A complete binary tree is a tree each of whose internal vertices has degree 2, and a complete
m-ary tree is a tree each of whose internal vertices has degree m. Since all of our trees will be
complete, we will frequently just say m-ary tree or binary tree. We will use Tm(n) to denote the
set of all m-ary trees with n internal vertices. An m-ary tree with 0 internal vertices is defined to
be a single vertex.
Let T be a tree with root r . For each vertex v of T , we say that v is on level j if the unique path
from v to r is of length j , and the root is said to be on the level 0. We can then define (k, m)-ary
trees as follows.
Definition 2.1. For k, m ≥ 1 and n ≥ 0, a (k, m)-ary tree of order n is a tree that satisfies the
following:
1. All vertices on even levels have degree k.
2. All vertices on odd levels have degree m or 0, and there are exactly n vertices of degree m.
For example, the tree in Fig. 2 is a (3, 2)-ary tree of order 3. We will use Tk,m (n) to denote the
set of (k, m)-ary trees of order n. It is easy to check that there are a total of (mn+1)(k+1) vertices
for each tree T ∈ Tk,m(n), with mn + 1 vertices on even levels (which are all internal vertices),
and (mn + 1)k vertices on odd levels (in which there are n internal vertices and (mn + 1)k − n
leaves). We will call the n internal vertices on odd levels crucial vertices. Note that a (k, m)-ary
tree of order 0 (with 0 crucial vertices) is a k-ary tree with only one internal vertex (which is the
root), and the empty tree is not an (k, m)-ary tree.
Theorem 2.2. The number of (k, m)-ary trees of order n is
Ck,m(n) := 1
mn + 1
(
(mn + 1)k
n
)
. (2.1)
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Proof. Let C(z) = ∑∞i=0 ci zi be the generating function for (k, m)-ary trees, where cn is the
number of (k, m)-ary trees of order n.
For T ∈ Tk,m (n), if we delete the root of T , we will get k subtrees, and each of them can be
considered as either an empty forest or a forest of m ordered (k, m)-ary trees. Hence we have
C = (1 + zCm)k . (2.2)
Let B = zCm , then from (2.2) we have C = (1 + B)k and B = z(1 + B)mk . Applying the
Lagrange inversion formula (see [8, p. 42]) yields
[zn]C(z) = 1
n
[tn−1]
(
d
dt
(1 + t)k
)
(1 + t)mkn = 1
mn + 1
(
(mn + 1)k
n
)
. 
Remark. 1. We can also prove this theorem (as well as Lemma 4.10 in Section 4)
combinatorially, but we omit these proofs for the sake of brevity. The current proofs of
Theorem 2.2 and Lemma 4.10 were suggested by a referee.
2. It is well known [8, Ex. 6.19] that binary trees with n internal vertices are counted by the nth
Catalan number:
|T2(n)| = C(n) = (2n)!
(n + 1)!n! =
1
2n + 1
(
2n + 1
n
)
= 1
n
(
2n
n − 1
)
= 1
n + 1
(
2n
n
)
,
(2.3)
and it is also known [3, p. 112-113], [4] that the number of m-ary trees with n internal vertices
is
|Tm(n)| = Cm(n) = 1
n
(
mn
n − 1
)
= 1
mn + 1
(
mn + 1
n
)
. (2.4)
For a (k, m)-ary tree of order n, if k or m equals 1, we can simply contract the redundant
edges and get the following results:
T1,2(n) = T2(n), T2,1(n) = T2(n + 1),
T1,m(n) = Tm(n), Tk,1(n) = Tk(n + 1),
which coincides with the fact that
C1,2(n) = C(n), C2,1(n) = C(n + 1), (2.5)
C1,m(n) = Cm(n), Ck,1(n) = Ck(n + 1). (2.6)
Hence (k, m)-Catalan numbers Ck,m (n) can be viewed as a generalization of C(n) and Ck(n),
justifying the choice of terminology.
3. Hook length polynomials for m-ary trees
In this section we will study hook length polynomials for m-ary trees. Given an m-ary tree T ,
for any internal vertex v, recall that the hook length hv of v is defined as the number of internal
vertices in the subtree rooted at v.
We define the hook length polynomial for an m-ary tree T to be
T (x) =
∏
v∈I(T )
((m − 1)hv + 1)x + 1 − hv
mhv
.
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For n ≥ 1, the nth hook length polynomial of m-ary trees is then defined to be
Hn,m(x) =
∑
T ∈Tm(n)
T (x),
and, by convention, we set H0,m(x) = 1. (Recall that Tm(n) denotes the set of all m-ary trees
with n internal vertices.)
The main result of this section is the following identity for the hook length polynomial of
(m + 1)-ary trees:
Theorem 3.3.
Hn,m+1(x) = 1
mn + 1
(
(mn + 1)x
n
)
. (3.1)
For the example in Fig. 1, we have
T1(x) = T2(x) = T4(x) = T5(x) = 112 x(2x − 1)(3x − 1),
T3(x) = 13 x
2(2x − 1),
and
H3,2(x) = 4 · 112 x(2x − 1)(3x − 1) +
1
3
x2(2x − 1) = 1
4
(
4x
3
)
,
which coincides with Eq. (3.1).
We will prove Theorem 3.3 by showing that both sides of (3.1) satisfy the same recurrence,
as proved in the following two lemmas.
Lemma 3.4. For n ≥ 1,
Hn,m+1(x) = (mn + 1)x + 1 − n
(m + 1)n
×
∑
i1 ,i2 ,...,im+1≥0
i1+i2+···+im+1=n−1
Hi1,m+1(x)Hi2,m+1(x) · · · Him+1,m+1(x). (3.2)
Proof. For the sake of convenience, we set
hv(x) = (mhv + 1)x + 1 − hv
(m + 1)hv .
For any T ∈ Tm+1(n), if r is the root of T , then hr = n, so hr (x) = (mn+1)x+1−n(m+1)n . Let
T1, T2, . . . , Tm+1 be the (m + 1)-ary trees obtained by deleting r from T , so the total number of
internal vertices in T1, T2, . . . , Tm+1 is n − 1, and
T (x) = (mn + 1)x + 1 − n
(m + 1)n T1(x)T2(x) · · · Tm+1(x).
If Tj has i j internal vertices for 1 ≤ j ≤ m + 1, by summing over all T ∈ Tm+1(n) we get the
desired result. 
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Fig. 3. A (3, 2)-tree of order 3 with one circled crucial vertex and the corresponding forest (T1, T2; T3), where (T1, T2)
is an ordered pair and T3 has a circled leaf.
Lemma 3.5. For n ≥ 1,
Ck,m (n) = (mn + 1)k + 1 − n
(m + 1)n
∑
i1 ,i2 ,...,im+1≥0
i1+i2+···+im+1=n−1
Ck,m (i1)Ck,m(i2) · · · Ck,m(im+1).
(3.3)
Proof. We will prove this recursion by considering the structure of (k, m)-ary trees. Let T be
a tree in Tk,m (n) with one crucial vertex v circled; clearly, there are nCk,m(n) such trees. If
we delete the m edges immediately below v, we get a forest of m ordered (k, m)-ary trees
T1, T2, . . . , Tm together with a (k, m)-ary tree Tm+1 which has a leaf circled. Suppose Tj has
i j crucial vertices for all 1 ≤ j ≤ m + 1, so i1 + i2 + · · · + im+1 = n − 1. It is easy to see that
such a split operation is a bijection between trees in Tk,m(n) with one circled crucial vertex and
the set of (m + 1)-tuples (T1, T2, . . . , Tm; Tm+1) such that T1, T2, . . . , Tm are linearly ordered
and Tm+1 has a circled leaf (see Fig. 3), therefore we have
#{(T1, T2, . . . , Tm; Tm+1)} = nCk,m(n). (3.4)
Next we will finish the proof by showing that the number of such tuples equals n times the
right-hand side of (3.3). Let (T ′1, T ′2, . . . , T ′m , T ′m+1) be any set of m + 1 ordered (k, m)-ary trees
with a total of n −1 crucial vertices such that there is one tree in the set (not required to be T ′m+1)
which has a circled leaf. Since a (k, m)-ary tree with i j crucial vertices has (mi j + 1)k − i j
leaves, there are (mn + 1)k + 1 − n leaves among all these trees. Hence we have
#{(T ′1, T ′2, . . . , T ′m, T ′m+1)} = ((mn + 1)k + 1 − n)
×
∑
i1 ,i2 ,...,im+1≥0
i1+i2+···+im+1=n−1
Ck,m (i1)Ck,m(i2) · · · Ck,m (im+1). (3.5)
On the other hand, for each set (T ′1, T
′
2, . . . , T
′
m , T ′m+1), we can always set the tree which has
a circled leaf to be the last one to form an (m + 1)-tuple (T1, T2, . . . , Tm; Tm+1), so
#{(T ′1, T ′2, . . . , T ′m, T ′m+1)} = (m + 1)#{(T1, T2, . . . , Tm; Tm+1)}. (3.6)
Comparing (3.4)–(3.6), we get (3.3). 
Proof of Theorem 3.3. Since Hn,m+1(x) and 1mn+1
(
(mn+1)x
n
)
are both polynomials of x of
degree n, it is enough to prove that both sides coincide for positive integer values of x . For
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any positive integer k, we have
Ck,m(0) =
(
k
0
)
= 1 = H0,m+1(k).
Moreover, according to Lemmas 3.4 and 3.5, Hn,m+1(k) and Ck,m (n) have the same recurrence
relation. Therefore, for any n ≥ 0, we have
Hn,m+1(k) = Ck,m(n),∀k ∈ N.
Hence we have finished the proof. 
Corollary 3.6.
∑
T ∈Tm+1(n)
∏
v∈I(T)
(
x + 1
hv
)
= 1
(mn + 1)n!
n−1∏
i=0
((mn + 1 + i)x + mn + 1 − mi) . (3.7)
Proof. Define ϕn, E and Rm to be the functions that map polynomials of degree at most n
to polynomials of degree at most n, given by ϕn( f (x)) = xn f (1/x), E( f (x)) = f (x + 1),
E−1( f (x)) = f (x − 1), and Rm( f (x)) = f ((m + 1)x + m), for any polynomial f (x). Identity
(3.7) can then be obtained by applying E−(m−1) ◦ ϕn ◦ E−1 ◦ ϕn ◦ Rm to both sides of (3.1), or
equivalently, (1.4). 
If we choose the special values 0 or m for x in (3.7), we will get the following identities.
Corollary 3.7.
n!
∑
T ∈Tm+1(n)
∏
v∈I(T )
1
hv
=
n−1∏
i=0
(mi + 1), (3.8)
∑
T ∈Tm+1(n)
∏
v∈I(T)
(
m + 1
hv
)
= (m + 1)
n(mn + 1)n−1
n! . (3.9)
We want to remark here that Eq. (3.8) gives the number of increasing (m + 1)-ary trees and
is also proved by Stanley in [7].
4. Hook length polynomials for plane forests
We define a plane forest to be a forest of plane trees that are linearly ordered, and use F(n)
to denote the set of plane forests with n vertices. Given a plane forest F ∈ F(n), for any vertex
v of F , the hook length hv of v is defined as the number of vertices in the subtree rooted at
v. (Note that this definition is slightly different to the definition of hook length for m-ary trees.
For the latter one, we count the number of internal vertices because we make our m-ary trees
complete, and the definition in terms of internal vertices is more natural in this context. But we
prefer considering complete m-ary trees in this paper in order to make the definition of (k, m)-ary
trees and many proofs clearer.)
In this section, we will study the hook length polynomial for plane forests.
The hook length polynomial for a plane forest F is defined to be
F(x) =
∏
v∈V (F)
(2hv − 1)x + 1 − hv
hv
,
where V (F) is the set of vertices of F .
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The nth hook length polynomial of plane forests is then defined to be
Hn(x) =
∑
F∈F(n)
F(x).
By convention, we set H0(x) = 1.
The main result of this section is the following identity for the hook length polynomial of
plane forests:
Theorem 4.8.
Hn(x) = 12n + 1
(
(2n + 1)x
n
)
. (4.1)
As in the last section, we will prove (4.1) by showing that both sides satisfy the same
recurrence for integer values of x .
Lemma 4.9. For n ≥ 1,
Hn(x) =
n∑
i=1
(2i − 1)x − (i − 1)
i
Hi−1(x)Hn−i(x). (4.2)
Proof. Given any plane forest F ∈ F(n), we pick the first plane tree T of F . Suppose T has i
vertices, so the rest of the trees in F can be considered as a plane forest with n − i vertices. Let
V (T ) be the set of vertices of T and r the root of T , so hr = i . By removing r from T , we get
another plane forest which has i − 1 trees. Therefore,
Hn(x) =
n∑
i=1
( ∏
v∈V (T )
(2hv − 1)x + 1 − hv
hv
)
Hn−i(x)
=
n∑
i=1
(2hr − 1)x + 1 − hr
hr
( ∏
v∈V (T ),v 
=r
(2hv − 1)x + 1 − hv
hv
)
Hn−i (x)
=
n∑
i=1
(2i − 1)x + 1 − i
i
( ∏
v∈V (T ),v 
=r
(2hv − 1)x + 1 − hv
hv
)
Hn−i (x)
=
n∑
i=1
(2i − 1)x + 1 − i
i
Hi−1(x)Hn−i(x). 
For the right side of (4.1), if we replace x with k, we will get 12n+1
(
(2n+1)k
n
)
= Ck,2(n).
When k = 1, as we mentioned before, C1,2(n) = C(n) is just a Catalan number, which satisfies
the recurrence relation:
C(n) =
n∑
i=1
C(i − 1)C(n − i).
The following lemma gives a generalization of this recurrence relation.
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Lemma 4.10. For n ≥ 1,
Ck,2(n) =
n∑
i=1
(2i − 1)k − (i − 1)
i
Ck,2(i − 1)Ck,2(n − i). (4.3)
Proof. As in the proof of Theorem 2.2, we let C(z) be the generating function for (k, 2)-ary
trees. Also, we let D(z) = z∑∞i=0 cii+1 zi be the antiderivative of C(z). By (2.2),
C = (1 + zC2)k .
Differentiating on both sides, we get
C ′ = k(1 + zC2)k−1(C2 + 2zCC ′)
= k C
1 + zC2 (C
2 + 2zCC ′).
One can rearrange this equation to obtain
(1 − k)C = −(2k − 1)(C + zC ′) + C
′
C2
.
Then, integrating on both sides gives us
(1 − k)D = −(2k − 1)zC − 1
C
+ α,
where α is a constant. If we let z = 0, we find that α = 1. The former equation can be written as
C − 1
z
= (2k − 1)C2 + (1 − k)C D
z
. (4.4)
We complete the proof by observing that (4.3) and (4.4) are equivalent. 
Proof of Theorem 4.8. For any positive integer k, we have:
H0(k) = 1 = 12 · 0 + 1
(
(2 · 0 + 1)k
0
)
= Ck,2(0).
According to Lemmas 4.9 and 4.10, Ck,2(n) and Hn(k) satisfy the same recurrence relation.
Therefore, for any nonnegative integer n,
1
2n + 1
(
(2n + 1)k
n
)
= Ck,2(n) = Hn(k), ∀k ∈ N.
Since both 12n+1
(
(2n+1)x
n
)
and Hn(x) are polynomials of degree n and they agree on infinitely
many values of x , we have proved the desired result. 
Similarly to the proof of Corollary 3.6, if we apply E ◦ ϕn ◦ E ◦ ϕn to both sides of (4.1), we
get the following identity.
Corollary 4.11.
∑
F∈F(n)
∏
v∈V (F)
(
x + 1
hv
)
= 1
(2n + 1)n!
n−1∏
i=0
((2n + 1 − i)x + (2n + 1 − 2i)) . (4.5)
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Finally, setting x = 0 or −2, we obtain two additional interesting formulas.
Corollary 4.12.
n!
∑
F∈F(n)
∏
v∈V (F)
1
hv
= (2n − 1)!!, (4.6)
∑
F∈F(n)
∏
v∈V (F)
(
2 − 1
hv
)
= (2n + 1)
n−1
n! . (4.7)
Remark. By comparing (3.1) and (4.1), one may have noticed that the hook length polynomials
for ternary trees and plane forests are the same:
Hn,3(x) = Hn(x). (4.8)
In fact, when m = 2, the right-hand sides of (3.7) and (4.5) differ only in one sign and agree
with each other when x = 0. This reflects the fact that increasing ternary trees with n internal
vertices and increasing plane forests on n vertices are both counted by (2n − 1)!!, as proved in
[7] and [1], respectively. We wonder if there is any direct explanation for (4.8).
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